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Abstract 

This is the first nontrivial construction to date of instantons over a 
compact manifold with Hoi = G2. The HYM connections on asymp- 
totically stable bundles over Kovalev's noncompact Calabi-Yau 3-folds, 
obtained in the first article |SaEi| , are glued compatibly with a twisted 
connected sum, to produce a G2 — instanton over the resulting compact 
7— manifold IKovil IK0V2I . This is accomplished under a nondegeneracy 
acyclic assumption on the bundle 'at infinity', which occurs e.g. over 
certain projective varieties X22 <->• CP 13 [Iskl |Muk 2 | equipped with an 
asymptotically rigid bundle. 
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Introduction 



The first paper |SaEi| was devoted to the Hermitian Yang-Mills (HYM) prob- 
lem over A. Kovalev's noncompact Calabi-Yau 3-folds W with an exponentially 
asymptotically cylindrical (EAC) end. Its main theorem asserts the existence of 
such a metric on holomorphic bundles £ — > W which are asymptotically stable, 
i.e., (slope-)stable over the divisor 'at infinity' D C W. Moreover, solutions have 
'C 00 — exponential decay' along the tubular end to a reference metric, which ex- 
tends the instanton metric on £ \ D in a prescribed way. On the other hand, 
it is known that a HYM connection A on a holomorphic vector bundle over a 
Calabi-Yau 3— fold (W,uj,iY) lifts to a G2 — instanton on the pull-back bundle 
p\£ — > M — W x S 1 , hence the above result yields a non-trivial solution of the 
corresponding instanton equation: 

F A A *<p = \F A A (w A w - 2Re ft A dff) = (1) 

(where d6 is the coordinate 1-form on S 1 and ip is the induced G2 — structure). 

This paper will be concerned with the natural sequel, the gluing of two such 
solutions according to Kovalev's twisted connected sum of the base manifolds. 
That construction joins two 'truncated' EAC products W s x S 1 in order to 
obtain a smooth compact G2 — manifold 

M s = (W s x S 1 ) U Fs (W's x S 1 ) = W'# S W", 

where S is the 'neck-length' parameter and Fs is the product of a hyper-Kahler 
rotation on the divisors 'near infinity' and a nontrivial identification of the 
circle components of the boundary. In view of the exponential decay property 
of solutions over each end, one is led to expect that residual self-dual curvature, 
i.e., error terms from truncation in the corresponding G2— instanton equation 
over M$, can be dealt with by a perturbative, 'stretch-the-neck'-type argument. 

This paper's main result [Theorem^ Subsection \1.2\ posits that this is indeed 
the case, albeit under a rigidity assumption on the 'bundle at infinity'. In 
order to guarantee a right-inverse for the linearisation of the self-dual curvature 
operator A 1— ^ Fa A *(p around a solution, one requires that the corresponding 
deformation complex over £\ D be acyclic. In other words, the instanton 'at 
infinity' must be an isolated point in its moduli space. Examples satisfying this 
hypothesis are obtained from certain base manifolds X22 ^ CP 13 admissible 
by Kovalev's construction and studied by Iskovskih [Iskj and Mukai [Muk^]. 

Readers familiar with the 4-dimensional model outlined by Donaldson in 
|Doni| will find that this paper mimics that source in all its essential aspects. 
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1 G2— instant ons over EAC manifolds 

Let us briefly recall the basic facts about the Calabi-Yau 3— folds Wi that one 
intends to glue together, via a nontrivial product with S . A base manifold for 
our purposes is a compact, simply-connected Kahler 3— fold ( W, w) carrying 
a if 3— divisor D G |— with holomorphically trivial normal bundle 
such that the complement W = W \ D has iri (W) finite. Topologically W 
looks like a compact manifold Wo with boundary D x S 1 and a cylindrical end 
attached: 

W = Wo U Woo (9] 
Woo ~ Dx Six (R + ) fl . {Z) 

The K3 divisor D is actually hyper-Kahler, with complex structure I in- 
herited from W and the additional structures J and K = I J satisfying the 
quaternionic relations; denote by ki,kj and kk their associated Kahler forms. 
Then |KovjJ Theorem 2.2] W admits a complete Calabi-Yau structure uj and 
holomorphic volume form 57 exponentially asymptotic to the cylindrical model 

Woo = ki + ds A da 

^00 = (ds + ida) A (kj + \kk) , 

in the sense that 

w| Woo = Woo + G?V>, fl| Woo = iloo + d*, 

where ip and \& are smooth and decay exponentially in all derivatives along the 
tubular end. 

As to the gauge-theoretic initial data jSaEi , let z = e~ s+1Q be the holo- 
morphic coordinate along the tube and denote D z the corresponding K3 com- 
ponent of the boundary. A bundle £ — > W is called asymptotically stable (or 
stable at infinity) if it is the restriction of an indecomposable holomorphic vector 
bundle £ — >■ W such that £\ D is stable (hence also £ \ D for \z\ < 5). Moreover, 
a reference metric Hq on such £ —> W is (the restriction of) a smooth Her- 
mitian metric on £ — » W such that iiolc are the corresponding HYM metrics 

on £ | D , < \z\ < 6, and H has finite energy: \\Fh \\l 2 (w,u>) < °°- 

Then, given an asymptotically stable bundle with reference metric (£,Hq), 
a nontrivial smooth G2— instanton on p\£ — > W x S 1 is obtained from every 
solution of the HYM problem over W. Moreover, such solutions have the prop- 
erty of exponential asymptotic decay in all derivatives to Hq along the tubular 
end [ibid., Theorem 59]: 



F H = 0, H ^ H . 

5— ¥00 



(4) 



Here convergence takes place over cylindrical bands of fixed 'size': 
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Notation 1 Let Q — » W be a bundle equipped with a fibrewise metric and 
denote Ws the truncation ofW at 'neck length' S ; given S > r > 0, write S r (S) 
for the interior of the cylinder (Ws+ r N Ws-r) of 'length' 2r. We denote the 
C k — exponential tubular limit of an element in C k (T(Q)) by: 

^ S^L^ ^ ll^ _ ^o|lc*(E 1 (S),a.) =°( e )■ 

Finally, let us fix some vocabulary towards the statement of the main the- 
orem. Denote Ao the Chern connection of Ho; then by definition each Ao\ D is 
ASD. In particular, Aq\ d induces an elliptic deformation complex 

^( | D ) d 4°fi 1 (0| I ,) d 4 o ^(g| D ) (5) 

where gl^ = Lie (G\ D ) generates the gauge group Q — End£ over D. Thus, 
the requirement that £ be indecomposable restricts the associated cohomology: 

H" | = 0. 

On the other hand, one might restrict attention to acyclic connections, i.e., 
whose gauge class [Aq] is isolated in M.o = M g\ . The absence of infinitesimal 
deformations translates into the vanishing of the other cohomology group: 

n\ i = o. 

Definition 2 A reference metric on £ W is asymptotically rigid if the as- 
sociated complex (0 over D has trivial cohomology. 

1.1 Suitable pairs and gluing 

A 7— dimensional product W' s x S 1 , where W is of the above form, has boundary 
D' x S 1 x S 1 . Comparing the asymptotic model ([3]) with the standard form 
of the G2— structure on a product CY x S 1 we find that W' s x S 1 carries a 
G2— structure on a collar neighbourhood of the boundary that is asymptotic to: 

(p' s = K 'j Ada + k'j A dO + k' k A ds + da A dO A ds. (6) 

Since the inclusion of the set of all G 2 -structures^ 3 (W x S 1 ) C fl 3 (W x S 1 ) 
is open |Joy| p. 243], <p' T is itself a G2— structure on W' x S 1 for large S. 

Condition 3 Two manifolds W' and W" as above will be suitable for the gluing 
procedure if there is a hyper-Kahler isometry 

f-D'j^ D" 

between D" and the hyper-Kahler rotation of D' with complex structure J . In 
this case the (pull-back) action on Kahler forms is 

f* : 1 y k'j, k'j k'j, k'x ^ —k'j^. (7) 
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Assuming this holds, define a map between collar neighbourhoods of the 
boundaries by 

F s : D' x S 1 x S 1 x [S - 1,5] -> D" x S 1 x S 1 x [5 - 1,S] 
(y,M,a) ^ (/(i/),0,a,2S-l-«). 

This identification gives a compact oriented 7— manifold 

M s = (W' s x S 1 ) U Fs (Wg x S* 1 ) = W'# S W". 




Figure 1: The compact 7— manifold Ms 

The matching of Kahler forms ([7]) guarantees that the respective G2— structures 
(JHJ) on W' s x S" 1 and W' s ' x S" 1 agree along the gluing region [S — l,S]: 

Flip's = F£{k" Ada^ + k", A# + k£ A ds^ + da^ A d9^ A ds^) 

^/ ^/ da' , / —ds' d6' da' —ds' 

Kj Kj -K K 

= k'j A da' + k'j A dd' + k' k A ds' + da' A dO' A ds' 
= <Ps- 

so we obtain a globally well-defined G2— structure ips on Ms- Thus, for large 
enough S, there is a 1— parameter family [Ms,ips) of compact oriented mani- 
folds Ms equipped with G2— structures ips- 

While it is possible to arrange dips = for any S |Kov 2 [ eq. (4.23)], a 
pair (Ms,tps) is n °t in principle a G2— manifold, as one has yet to satisfy the 
co-closedness condition: 

d * vs <ps = 0. 

In fact, although the cut-off functions involved in the asymptotic approximations 
leading to (|6|) add error terms to d * vs ips, these are controlled by the estimate 
|Kov2[ Lemma 4-25] 



\\d*<p s fs\\ L P < Cp,fce 



-AS 



with < A < 1. This exponential decay implies that, by 'stretching the neck' 
up to large enough So, one can make the error so small as to be compensated by 



5 



a suitably small perturbation of ips in P 3 {Ms), S > So |Kovi[ Theorem 2.3]. 
Hence one achieves a 1— parameter family of compact oriented G2— manifolds: 

{M s ,<p s ), S>S . 

1.2 Statement of the instanton gluing theorem 

Let (Ms, <ps) be a compact Gi~ manifold with Hoi (<ps) — G2 as above, obtained 
from a Fano pair by Kovalev's construction: 

M s = W'# S W" = {W's x S 1 ) U Fs (W' s ' x S 1 ) . 

Furthermore, let £^ — > be asymptotically stable holomorphic bundles 

with same structure group G — Aut {£ ), such that there is a G— isomorphism 

g:£'\ D ,^£"\ D „. 

One can define a holomorphic bundle over Ms by an induced bundle gluing 

S a s = £'#%£" -+ M s 

of the following form. First, fix holomorphic trivialisations over neighbourhoods 
of infinity l/M C along the ends. Then, spreading g along via pull- 

back by the fibration maps rW : W^' — > D^ l \ we identify the fibres of p\£' 
and p*£" across the gluing zone of operation #5. Having said that, I will omit 
henceforth the superscript g as well as any reference to the particular choice of 
trivialisations. This paper proves the following Gluing theorem: 

Theorem 4 Let £^> — >• I^W, i = 1,2, be asymptotically stable bundles of same 

(i) 

semi-simple structure group G, with asymptotically rigid reference metrics Hq , 
admitting a G— isomorphism g : £'\ D i — > £"\ D „. 

There exists So > such that the bundle £3 — > Ms = W'^sW" admits a 
G2 — instanton, for every S > So- 
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2 Approximate instantons over Ms 



In order to produce a G2— instanton over the compact 7-manifold Ms, I use cut- 
offs to obtain a connection on £$ which is 'approximateiy' an instanton, then 
show that a certain surjectivity requirement is satisfied, in order to perturb it 
into a true solution. 



2.1 Preliminary moduli theory 

Following |Doni[ pp. 83-87], given an asymptotically stable bundle £ — > W, we 
are interested in gauge classes of connections on £ = p\£ — > M = W x S 1 which 
are 'asymptotically HYM' [cf. ©]. For every (smooth) reference metric Hq, we 
denote its Chern connection Aq and pose [cf. Notation^ 



A = {pt(A + a) 



\a\ , \V Ao a\ e Li, af^ >> (S) 



5— >oo 

taking, for suitable integers p, k [cf. (| 14[) below], the Li?— norm induced by ip 



(f Elv"- 



.V ll /| p dVol . (9) 



This has in view the use of Sobolev's embedding (Lemma \24\ m Subsection \4-l\ 
For notational clarity I will henceforth leave implicit the pull-back p* . 
Posing the gauge-equivalence condition 

A, ~ A 2 A 2 = ff (i4i) = - rf^.g- 1 , .9 e L£ +1 _ Joc (Aut £), 
and adopt accordingly the gauge group 

G = \g e Autf (Vo^- 1 ! e ^> 3 «F+ 1 } > 

whose (bundle of) Lie algebra(s) we denote q. Since every A \ D is assumed 
irreducible [cf. p|3], Q is in fact a Banach Lie group and the action Q x A — > A 
is smooth. Finally, the Coulomb gauge condition provides transversal slices for 
the action [cf. (|2"Tj) . below]: 

U £ (A)=A+\aen 1 {g) d* A a = 0, ||o|| < e, a^o}, (10) 

I S— too J 

so that the quotient B = A/Q is a Banach manifold |D-K( Prop. 4.2.9, p. 132]: 

Proposition 5 If A is irreducible then, for small e, the projection from A to 
B induces a homeomorphism from T e [A) to a neighbourhood of [A] in B. 

Definition 6 The moduli space of (irreducible) G2— instantons on £ is: 

M + = {[A] eB\ P+ (Fa) = F A A *ip = 0} . 
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NB.: In particular, the instantons obtained in the first paper |SaEi| , as solutions 
of the HYM problem, decay exponentially in all derivatives to Hq along the 
cylindrical end, hence M + ^ [cf. (g]) and ©]. 

For the local description of A4 + , define around a solution A the map 

ff> : U e {A) C A -> n 6 ( BE ) 

a i-> ijj (a) = p + (Fa+o) = [dAO- + a h a) A *ip 

and write Z (i/j) C T e (A) for its zero set. Slicing out by Coulomb gauge indeed 
makes ip a Fredholm map, and we have: 

Proposition 7 If A G A is an irreducible G2~instanton, then an e— neighbourhood 
of [A] G M. + is modelled on Z(v), where v is the invertible map between finite- 
dimensional spaces defined by 

v : ker (d* A © djQ — > cokerdj^ n kerd.4 

n n 
( ) r> 6 (0) 

v(a) = a (0, a) 

and cr is the non-linear part of the local Fredholm decomposition oftp. 

The proof of Proposition is postponed to Section [^] as part of a more 
detailed discussion of the moduli theory. 

2.2 Truncating instantons with decaying error term 

We may now start in earnest the proof of Theorem^ Let A' be a G2— instanton 
on p*£' [cf. Along a neighbourhood of infinity down the tubular end of 

W , we write A' = A' + a 1 , where A' Q is the lifted Chern connection associated 

to the reference metric HL and a' — — > 0. Fix a smooth cut-off 

u S^oo 



X{s) 



X : K+ -> [0, 1] 
1, s < 
0, s > 2 



and truncate to 



A' s =A^+ X (s-S + 3)a', 



which agrees with A' over the gluing region [S — 1,S] and has self-dual part 
Ft, — Fa 1 A *(p supported in the (topological) cylinder segment Ei(5 — 1). 

S S ' 

Clearly 

ll^' S A M\ LU M>)^ C P>>< e ~ S 

for M' = W x S 1 . Repeating the construction for A'g on p\£ ", we may assume 
that the truncated connections Ag match (via the bundle isomorphism g) over 
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[S — 1, oo[, hence in particular over [S — 1, S], so they glue together to define a 
smooth connection 

A S = A'# S A" on £ s . 

Since the hyper-Kahler rotation at infinity is assumed to be an isometry, we still 
have the asymptotic decay of the self-dual part 

\\ F As A *<p\\lI(m s ) ^ C P,ke~ S 
from which we see that As is almost an instanton. 

2.3 Non-degeneracy under acyclic limits 

Let A = A^ as above, say, be a Gn— instanton on the pull-back bundle 

E = v\E ->M = W x s 1 . 

Then the hypothesis that the connection at infinity is acyclic implies that A 
itself is acyclic, with respect to its own deformation complex: 

4 

d ' A * d 

n° ( fl ) 4 n 1 ( ) n 2 ( ) ^ n e ( ) 4 n 7 ( ) . (12) 

The goal of this Subsection is to prove that claim, in the following terms: 

Proposition 8 When the reference metric Hq is asymptotically rigid, then the 
induced G2 — instanton A lifted from a HYM solution [cf. ([7]) and Q/ is acyclic, 
i.e., H A — and = in the deformation complex (jiffi). 

Since our asymptotically stable bundle is, by definition, indecomposable, we 
have already = 0, so one only needs to check the non-degeneracy condition 
= 0. On the other hand, the complex is self-dual (under the Hodge star), 
so this is equivalent to showing = 0, which means precisely that A is an 
isolated point in its moduli space M + , in the light of the local model given by 
Proposition^ To check this fact, we resort to the Chern- Simons functional 

p(b) A = / tiF A Ab A A*(p. 

JWxS 1 

For any given direction a £ T[ A ]B C ^ x ( ) with ||a|| = 1 and possibly short 
length e > 0, we have 

[A + ha] eM + & = p{b) A +ea = p{b) A + s.D [p(b)] A (a) + 0(e 2 ) 
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for vector fields b G T (TA) . Explicitly, the first order variation is 



D[p(b)] A (a) = / tx{d A aAb A + (Db) A (a) AF A }/\*ip 

JWxS 1 



tr a A d A b A A *<p + lim / tr {a A 6a} A *<p 

WxS 1 S ^°° JdWsxS 1 



tr a A d\b A 

WxS 1 

since Hq is asymptotically rigid and so \a\ — > 0, for small enough e. Notice in 

5— too 

passing that this is zero for any direction a G imgd^ C ^ 1 (fl) along gauge orbits, 
corresponding to the intuitive fact that the only 'meaningful' perturbations are 
those which descend nontrivially to B. Choose now ^ £ G f2 6 (g) such that 

b A ^{d+)* 

By the orthogonal decomposition (pH]) . this can be done in such a way that 
d A b A ^ 0, so for any direction a G ^ 1 (g) (transverse to gauge orbits) the 
number 

D[p(b)] A (a)=N A (a,OeR 
is not zero for a generic choice of £. Rescaling b A = NA ^ a ^ b A , we find 

p(b)A+ha = e + 0(e 2 )0{\\b A \\) ± 0, for ± e < 1. 

Now, since M. + is finite-dimensional, there are tangent vectors (1— forms on 
the base) ui, . ■ ■ , u n G T^B such that any such perturbation is written as 

e.a = e.(a 1 uiH \-a n u n ), a'ei 

But in the above way we can find, respectively for m, . . . ,u n , vector fields 
bi, . . . , b n such that p(bi) A +hv,i — £ + 0(e 2 ). Consequently, for a generic linear 
combination b = /3 1 foi + • • • + /3 n b n , one has 

p(b) A+ha = s.{a l p l + ... + a n /3 n ) + 0(e 2 ). 

S v ' 

Hence there exists a (possibly small) value £o > such that p A + ea 0, as a 
1— form on A, for any s.a G [/ £o (L4]). In other words, there are no instantons 
in the open ball of radius £q around L4] in the moduli space (q.e.d.). 
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3 Perturbation theory over long tubular ends 

Following the standard approach, we may now look for a nearby exact solution 
A = As + a to the G2— instanton equation 

d\ s a + (a A a) A *<p = -F As A *ip = e(S). (13) 

We adopt all along the acyclic assumption that the operators have trivial 
cokernel, i.e., the (irreducible) connections A^ l > are isolated points in the re- 
spective moduli spaces A4^ (i) [cf. Proposition^. 

3.1 Noncompact Sobolev estimates 

For briefness, let us refer to ordered integers k > I > and q > p as suitable if 
they satisfy the Sobolev condition: 

l - 1 -<^. (14) 
p q 7 

In particular, the pair p, k will be suitable when k = I + 1 and 2p = q are 
suitable. 

Lemma 9 Let W be an asymptotically cylindrical 3— fold; given suitable k > I 
and q > p, there exists a constant C = Cw,p,q,k,i > such that, for sections of 
any bundle over W x S 1 (with metric and compatible connection), 

l\\ L ? <c\\.\\ Ll . 

Proof Following \Don\ \ pp. 70-72], set Bo = Wo x S 1 and consider for 
n > 1 the tubular segments of 'length one ' B n = (W n \ W n -x) x S 1 along the 
tubular end. Then, using the usual Sobolev estimate for compact domains, 



£ L 1/11 



< Y, C 4I iv/i p + i/i pX9 " 

ngN \JB n 



^ ^(e/ iv/i p +i/i p ) 9/P = ciuir L? 



with C = limsupC„ < 00, since the segments are asymptotically cylindrical. 
This proves the statement, by induction on I. ■ 
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3.2 Gluing right inverses 

We now investigate the behaviour of right-inverses under truncation and gluing: 

Lemma 10 For S S> 0, the operators d admit bounded right inverses 
satisfying 

for suitable p, fc £ N, where the bound \ depends only on not on S. 

Proof The operators d A {i) correspond to the original instantons over 
each tubular component W^ 1 ' x S 1 , hence by the acyclic assumption [cf. 
Proposition [B]/ they admit bounded right inverses Q^' , independent of S. 

The crucial fact is that a l s = Ag — = O (e~ S ) so, for S 0, a right 
inverse for d Ad) gives a right inverse Qg for gL(») with (approximately) the 
same uniform Lipschitz bound. ■ 

Corollary 11 For S 3> 0, there exist an 'approximate' right inverse Qs and a 
true right inverse P$ for eft : 

Ps = Qs (d^Qs)' 1 - 

Moreover, for suitable p, k G N, there is a uniform bound C p ^ on the operator 
norm of Ps ■' 

\\Ps(0hi < c P , k U\\ Ll ■ 

Proof Following a standard argument \ DonA §5.3 & §4-4]> we may take 
truncation functions x$ '■ — > [0, 1] satisfying 

(x'sf + (x s f = 1, sappxf C W®, \\Vxfh~ = 0( e - s ). 

2 

Then, denoting : M s -> x S 1 the maps given by restriction for 

s < 2S and extended by zero along the rest of the tubular end, we form 

Qs = (x'sf (Q's ° r' s ) + (xsf (Qs ° r's) i 1 *) 

and we check that this is an approximate right inverse in the sense that 
\\d\~ Qs ~ -^11 = 0(e~ ); indeed we have 

d+ AsQs = E,-x 2 {( X ^) 2 < ( Q * ° ^ + 2 (^ )V ^ } ) K ° ^) } 

* ' * ' " . ' 

I 0{e- s ) 

where denotes an algebraic operation. It follows from the Lemma that the 
second summand is dominated by the decay of || Vvg ■ Then 

Ps = Qs {d^Qsy 1 

is a true right inverse for d\ s , with uniformly bounded norm determined by 
Qs and d A + itself. ■ 
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3.3 Exact solution via the contraction principle 

For a solution of the form a = P£, equation (fT3"|) reads 

(7 + G)(0 = e(5) (16) 

where G(£) = P (£) A P (0 A *^ and ||e(5)|| is small, as S > 0. Thus if, given 
suitable p, fc, the map [cf. Lemma [P| for last inclusion] 

is Lipschitz with constant strictly smaller than 1, then by the Banach con- 
traction principle I + G is continuously invertible between neighbourhoods of 
(I + G) (0) = and we obtain, for large S say, a solution as 

a = P{I + Gy 1 e{S). 

In order to prove this, we need a uniform bound on exterior multiplication, 
which is an immediate consequence of Holder's inequality: 

Proposition 12 For suitable p,k G N, there exists a uniform constant M Pt k 
such that 

\\a/\b\\ Ll < M Ptk \\a\\ L 2 P \\b\\ L 2 P . 

k — l fc— 1 k — 1 

From this we infer that operator G is bounded uniformly in 5* for any suitable 
Sobolev norm, but so far we have no definite control over the actual bound. We 
can scale away this apparent difficulty using the fact that G is homogeneous of 
degree 2; letting A = MC 2 , £ = A£ and G — jG, equation (fPoj) becomes 

(j + c) (f) = Ae(S). 

The point here is that now G is a contraction over the ball B\ = < lj: 

MG 2 

l|G(OII < — Hff < Hill- 

Then indeed I + G is a homeomorphism onto an interior domain £ U C Pi , 
and one can choose S ^> so that Ae(5) G P. One may check, by bootstrapping 
|Dom[ .96], that A is in fact smooth. We have thus proved Theorem [^] 

In conclusion, it should be noticed that the acyclic hypothesis is a rather 
strong, non-generic requirement. The fact that it is not void should therefore 
be illustrated: 

Example 13 The prime Fano 3— folds of type X22 were discovered by Iskovskikh 
Jlsky and further studied by Mukai \Muk^\ $3]. On one hand, these appear in 
Kovalev's list of suitable blocks for the gluing construction; in fact, they are 
extremal in the sense that a pair of base manifolds of type X 2 2 realises the lower 
bound on the third Betti number 6 3 (Af) = 71 [Kov^ pp. 158-159]. 

On the other hand, crucially, these come equipped with an asymptotically 
stable bundle E — > X22 which is rigid \Muk\ \ §5/ over a divisor D 6 |— Kx 22 \- 
In other words, the holomorphic bundle E\ D corresponds to an isolated point in 
its moduli space, hence its associated HYM metric Hq is indeed acyclic. 
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4 Local model for the moduli space 



The moduli space A4 + of G2— instantons on £ — > M is locally described as the 
zero set of a map ip [cf. (fTTj)] between the Banach spaces U e (A) C .4, and J7 6 (g). 
Therefore, if our map ip is Fredholm on Z (ip), it is a matter of standard theory 
to model a neighbourhood of [A] in .M + on the finite-dimensional set v^ 1 (0) [cf. 
Corollarv \2 6 2\ m. the Appendix] . Foreseeing Proposition \17\ we restrict attention 
to irreducible connections on an SU (n) —bundle £. 



4.1 Noncompact Fredholm theory 

As defined before, the map ip is just the self-dual part of the curvature, so 
if>(a)-ip (0) = 0+ o d A ) a + 0(\a\ 2 ) and 

(-DVOo = P+°d A . 



Moreover, by the 'slicing' condition (JTOj) across orbits, we consider in fact the 
restriction 

p+od A ■ kerd* A — ► fi+ (q) . 

n (17) 

Since the map L* v = ' * ip A .' now plays the role of 'SD projection', we 
denote henceforth 

d+ = o d A : il 1 (g) -> f> 6 (fl) (18) 
and consider the extended deformation complex 



r!° ( fl ) 4 ( fl ) ^> r! 2 ( fl ) *-n n 6 ( fl ) 4 r! 7 . (19) 

Using d * = 0, we find 

[L* v ,d A ] =0, (20) 

so, when A is an instanton, (|19[) is indeed a complex and the identification of the 
self-dual 2— forms with the 6— forms is consistent with the relevant differential 
operators (for more on elliptic complexes under the condition d * ip = 0, see 
[Fc-UJ. Moreover, this complex is elliptic: 

Lemma 14 The operator d\ defined by has formal adjoint 

(d+y = *d+* : (fl)^o 1 ( fl ). 

Proof For a e ft 1 (g) and r7 £ SI 6 (g), we /iaue point-wise: 

{d\a, rf) (*1) = (*<£> A d^a) A *r/ = (d^a) A * (* (*<£> A *r))) 
= (d A a, * (L* v * r/)> = (a, d* A {*L» V * r?)) (*1) 



(a, * (dAi* v ) * ?7) (*1) = (a, * (L tip d A ) * tj) (*1) 
(a, (*dj*) J?) (*1) 
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Proposition 15 When A is a G2~instanton, the complex \19\ is elliptic. 

Proof First of all, since = *d\* /Lemma [T4]/ and d* A = *d A *, 

notice that our complex is self- dual with respect to the Hodge star: 

n° ±h n 1 % n 6 ^ n 7 
M M M M 

*n 7 < — *n 6 < — *q x < — *n° 

By Corollary [20l it suffices to show ellipticity at SI 1 (g), as that is equivalent 

to the ellipticity of the dual *£l 7 *£l 6 ^4— - - *fi 1 , which is just Q 1 

57 6 Q 7 . Fixing a section £ of T M ( the cotangent bundle minus its zero 

section), we have symbol maps 

tt* (ft (g)) £ m tt* (ft 1 (g)) 6 n* (ft 6 (g))^ . . . 

For a £ ft 1 (g) swc/i f/iaf *y A £ A a — 0, exactness means a has to lie in 
£.ft (g). Since G2 acts transitively on S e , take g G G2 such that g*£ = 
||£|| .e 1 and denote a — g*a, so that 

*ip A e 1 A a = 0. 

77ia£ is jusi the statement that e 1 A 5 is anti-self-dual, but this cannot occur 
unless e 1 A 5 = 0, as 



[e 1 A a) A ip — a /\ (e 1567 - e 



1345 _ gl426 , gl237\ 



/ias non-vanishing components involving e 1 and * (e 1 A a) obviously has not. 
Therefore a — f.e 1 for some / 6 0° (g), and 

a = (gT 1 (f.e 1 ) = ^..{,et.n° (0). 



In view of the isomorphism L*^^ ■ ft+ — > ft 6 , taking the self-dual part of 

curvature via the Q— equivariant map L*„ o F + : A — > ft 6 (q) defines a section 
* ([A]) = F A A *(p of the Hilbert bundle 

A XgO 6 ->■ B. 

The intrinsic derivative, i.e., the component of the total derivative tangent 
to the gauge- fixing slices in ft 1 (qe), of * at [A] is 



(D*) [i4] : kerd^ -»• kerd A C ft 6 (fl) 



d+c 
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To see that (D^), A , is Fredholm over Z (iff), consider the extended operator 



b a : n 1 (g) © ft 7 ( ) -> o° (a) e ft 6 (0) 

(a, /) i ^ (d* A a, d\a + d* A f) . 

If the base manifold was compact, then standard elliptic theory would imply 
Da = d* A ® {d\ © d A ) is Fredholm, as the 'Euler characteristic' of an elliptic 
complex, by Proposition \15[ However, on our manifolds with cylindrical ends 
W — Wo U Woo, the parametrix patching method over the compact piece Wo 
must be combined with tubular theory over Woo under the acyclic assumption. 
This follows in all respects the proof of |Doni[ Prop. 3.6] and its preceding 
discussion, except that in this case we are in the much simpler situation where 
the exponential decay of (a,/) £ kerD^ is guaranteed from the outset by our 
definitions [cf. flSJ] and the fact that the bundle is indecomposable. Then we 
have: 

Claim 16 If [A] £ Z (VP) is asymptotically rigid [cf. Definition [2]/, 3a is a 
Fredholm operator. 

In particular, B>a has closed range, so there is an orthogonal decomposition: 
n 6 (g) =hsTd A ®imgd A (21) 
and this implies that (D^)^ is also Fredholm: 

ker(D*) [A] c — > kerD^ 
coker (D*)^ = cokerdj^ D coker (tfjjn?) cokerO^ 

n II 

ker d A = ker d A 

Finally, the moduli space of G2— instantons [Definition® is cut out as its 
zero set Z(^>). As an immediate consequence of (|20| and the Bianchi identity, 
we have \I/ ([A]) £ ker dA C ft 6 (qe), so, intuitively, the image of \& lies in the 
'sub-bundle of kernels of d^': 

A xg kercU — > B 

n (22) 
& (0) 

When £ is an SU (n) —bundle, say, one can use the orthogonal projections 
p a : ker d A — > ker d Ao to trivialise the fibres onto ker d Ao over a neighbourhood 
U £ ([Aq]) C B, where e is a small global constant: 
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Proposition 17 Let E be an SU (n) —bundle over a compact G2 — manifold 
(M, ip) and Aq an irreducible connection; then there exists e > such that 
the orthogonal projection 

p a : ker d A -> ker d Ao 

in ft 6 (g) is an isomorphism for all A = Aq + a 6 U e (Aq). 

Proof We consider, throughout, the operators [cf. (| jffl) & $211 ]: 

d-A Aa 

d A > d A 

Writing p — d* A f for some f £ il 7 (g), we denote elements of f2 6 (0) by 
V = {Vo © p) G (kerd Ao © imgd^) = ft 6 (g) . 

Surjectivity 

Given i]q E ker c2a , write 50 = — a A 770; surjectivity of p a means finding 
p G img cf^ C fi (fl) swc/i i/iai 77 = 770 © p G kercU, i.e., solving for p the 
equation 

dAP = go- (23) 

Since Aq is irreducible, one has (img c^) 1 " = ker cf^ = {0}, therefore 

07ie may think of the restriction of d A to img<f^ o 

as 

d A : xmgd Ao -> imgeU . (24) 

Bijectivity of linear maps between Banach spaces is an open condition /Lemma 
123) /. so one can show that $2$ is invertible by checking that, for suitably 
small a, this map is arbitrarily close to the isomorphism d Ao : imgtf^ imgc?A - 
Indeed, writing L a : 77 M> a A n, there exists a global constant such that 

\\d A -d Ao \\ = \\L a \\<C\\a\\<Ce. 

Here we used Lemma [24l since our choice of ||.||^ suits Sobolev's embedding 
theorem. So $2$ is also an isomorphism for e small enough, and we can 
find a unique p G kerd^ o solving $23$ . 

Injectivity 

Let 77 6 kerd^i C f2 6 (0); i/ien 

p a (77) = <=>■ p — 7/ e ker cU 
«4> dyiP = 
<=> p = 

since p G imgd^ o and we have just seen that d A : imgrf^ A- imgd^ is an 
isomorphism (for suitably small a); so rj — p = 0. ■ 

Hence Proposition is proved, in the terms of Corollary \22\ [cf . Appendix] . 
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4.2 Final comments: gluing families and transversality 

We achieved in Theorem this paper's main goal of constructing a solution A 
of the instanton equation over the compact G 2 — manifold Mg = W'#sW". To 
conclude, I will briefly outline two natural extensions of this theory. 

First, one may consider instanton families, i.e., given (pre)compact sets 
NW c. of regular points on the moduli spaces over each end, define - 

for large neck length S - an operation 

t s : N' x N" -> M^ s . 

This should be a diffeomorphism over its image, consisting itself of regular 
points. Moreover, given an adequate notion of 'distance' between a connection 
A# s on £g and A = A'#sA", any 'nearby' instanton is also obtained from such 
a sum. Namely, for a given integer q, one defines 

t q s (A* s -A\A") = inf \\ g .A**-A , \\ L , (wi) + inf \\g.A* s - A"\\ t ^WJ) (25) 

where W s ^ are the truncations of JfM at 'length' S. Then one should expect 
the following to hold: 

Conjecture 18 Let C be compact sets of regular points in the mod- 

uli spaces of G^ — instantons over x S 1 ; for sufficiently small 5 > and 
large S > 0, there are neighbourhoods D N^' and a smooth map 

ts'.V'x V" -> X+ s 

such that, for appropriate choices of q > (independent of 5 and S), 

1. ts is a diffeomorphism to its image, which consists of regular points; 

2. 1% {t s (A',A");A',A") < S, \/A® e : 

3. any instanton A G M^ s such that £ q s (ts(A' , A"); A' , A") < S for some 
A« e lies in the image of t s {V x V"). 

Finally, under a generic Morse-Bott assumption, one may envisage relaxing 
the non-degeneracy requirement and deal with reducible connections via the 
'gluing parameter' over the divisor at infinity. If the images of the obvious 
restriction maps as n*' : ■M^j — » Md meet transversally, one would expect 
the moduli space M.£ s over the compact base Ms to be smoothly modelled on 
the product 

M+ x Md M+, = {(A', A") | r'(A') = r"{A")} 

for large values of the neck length S. 

All of this follows strictly, of course, the general 'programme' of [Don]]. 
There are essentially two reasons to expect the analogy to carry through to our 
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(t2 setting: the bounded geometry of Kovalev's manofolds, which implies the 
uniform (Sobolev) bounds for the relevant operator norms [cf. Lemma [P| and 
Proposition [71] ; and the fact that our original solutions decay exponentially in 
all derivatives to a HYM connection over the divisor at infinity [cf. (U)], so they 
are in L p k (W) for any choice of p, k. 



A Chern-Simons formalism under holonomy G2 

In (3+l)-dimensional gauge theory |Doni[ §2.5], the Chern-Simons functional is 
defined on B = A/Q, with integer periods, its critical points being precisely the 
flat connections. A similar theory can be formulated in higher dimensions given 
a suitable closed (n — 3) —form [D-Tj [Tho] . Here, for suitable connections over 
a G-2,— manifold (M,<p), we use the Hodge-dual *<p. 

Recall that the set of connections A is an affine space modelled on fi 1 (qp) 
so, fixing a reference Ao S A, we have A = Aq + ft 1 (qp) and we can define 

l? (A) = \ J tr ^d Aa a A a + A a A a^j A *<p, 

fixing $ (Ao) = 0. Note in passing that, since only the condition d * ip = is 
required, the discussion extends to cases in which the Gi~ structure ip is not 
necessarily torsion-free. Moreover, the theory remains essentially unaltered if 
the compact base manifold is replaced by a manifold-with-boundary, say, under 
a setting of connections with suitable decay towards the boundary. 

The above function is obtained by integration of the analogous 1— form 

p(a) A = tr (Fa A a) A *<p. (26) 

J M 

We find § explicitly by integrating p over paths A (t) = Aq + ta: 
0(A) -0(4>) - J o PMt) (A(t))dt 

= tr ((Fa + td Ao a + t 2 a A a) A a) A *(p 

Jo Jm 

= \ J tr ^d,A a A n + ^aAaAaj A *ip. 



It remains to check that (|26| is closed, so that this doesn't depend on the 
path A (t). Using Stokes' theorem and d * ip — 0, the leading term of p, 

P (°)a+6 ~ P ( a )A = / tr (d A b A a) A *ip + O (\b\ 2 ) , 
Jm v ' 

is indeed symmetric: 

/ tr (dAb A a - b A d A a) A *tp — / d (tr (b A a) A *ip) = 0. 
Jm Jm 
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Hence 

P i a ) A +b - P ( a ) A = P ( b )A+a - P ( b ) A + (\ b \ 2 ) > 

and we check that p is closed comparing the reciprocal Lie derivatives on parallel 
vector fields a, b around a point A: 



dp (a, b) A = (C b p (a)) A - (C a p (b)) A 

= I™ 1 { (P ( a ) A +hb - P (a) A ) - (P ( b )A+ha - P ( b ) A ) } 

= I™ { (P ( ha )A+hb - P Mj - (P ( hb )A+ha - P ( hb )A) } 

= 0. 

At least locally, then, the functional d descends to the orbit space B. 

To obtain the periods of under gauge action, take g s Q and consider 
a path {^4 (i)} te [ i] C A connecting A to g.A. The natural projection then 
induces a bundle 

E 9 ^ E 
i i 
M x [0, 1] M 

and, using g to identify the fibres (E s ) ~ (E g ) 1 , we think of E g as a bundle 
over M x S 1 . Moreover, in some trivialisation, the path A (t) — Ai (t) dx l gives 
a connection A = A dt + Aidx 1 on E ff : 

( A o)(t, P ) = 
(Ai) (tlP) = 4(*) p - 

The corresponding curvature 2— form is Fa = (Fa.) j dtAdx % + (F^)- k dx^ Adx k : 

(F A ) 0t = ^(t) 
(F0 jfe = (F^,. 

The periods of d are then of the form 

(g.A) -0(A) = J PA[t) (A (*)) dt 

tr (F4 (t) A (i) cfe 4 ) A dt A *tp 



J 

J A 



Mx[0,l] 

tr Fa A Fa A *</? 

'MxS 1 

= (^(E^M.MxS 1 ). 
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The Kiinneth formula for the cohomology of M x S 1 gives 

H 4 (M x S 1 ) = H 4 (M) © H 3 (M) © H 1 (S 1 ) 

and obviously H 4 (M) ^ [*tp] — so, denoting c' 2 (E g ) the component lying in 
H 3 (M) and S g = [cJ 2 (E g )} its Poincare dual, we are left with 

#(g.A)-4(A) = ([*<p],S g ). 

Consequently, the periods of •& lie in the set 



S„ 



S g e Hi(M,] 



That may seem odd because in general this set is dense (there is no reason to 
expect *ip to be an integral class). Nonetheless, as long as our interest remains 
in the study of the moduli space Ai + = Z{p) of G2-instantons, as the critical 
set of i?, there is nothing to worry, for the gradient p = e?$ is unambiguously 
defined on B. 

B Theory of operators 

Here is a preliminary to the proofs of Proposition \15\ and Proposition 

ST 

Lemma 19 For a sequence A — > B C of linear operators (of dense domain) 
between Hilbert spaces, one has: 

ker T = img S <^ ker S* = img T* . 

Proof I claim B = img S © ker S* : 

b e (imgS) ± C B (b,Sa) = 0, Va € A 

& (S*b,a) = 0, VaeA 
bekcrS*. 



Since Dom (S) — A, S* is closed \Bre\ 11.16], so kerS** C B is closed and 
B = (ker S*) X ® ker S*. Mutatis mutandis, B = kerT©imgT*, which yields 
the claim by uniqueness of the orthogonal complement. ■ 

Corollary 20 Let F — \ G ^? H be a complex of differential operators between 
vector bundles with fibrewise inner products; if the associated symbols satisfy 
cr{L*) — (a (Li))*, then 

F^GHH is elliptic O H^gH F is elliptic. 
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Elliptic complexes are closely related to Fredholm theory, which provides 
a local model for sets of moduli given as zeroes of sections, as discussed in 
Subsection \2. il and the whole of Section^ I adopt the notation for the Fredholm 
decomposition of a map [D-Kl 4.2.5]: 

Proposition 21 A Fredholm map 5 from a neighbourhood o/O is locally right- 
equivalent to a map of the form 

S : U x F V xG 

where L = (DS) : E7 is a linear isomorphism, F — ker L and G — cokerL 
are finite- dimensional and (Do~) = 0. 

Corollary 22 A neighbourhood o/O in Z (S) is diffeomorphic to Z(y), where 

v : F -» G 
i/ (?/) = ct (0, r?) . 

Finally, a result borrowed from [Fin] is essentially the generalisation to 
Banach spaces of the fact that the determinant of a linear map is continuous: 

Lemma 23 Let D : B\ — > Bi be a bounded invertible linear map of Banach 
spaces with bounded inverse Q. If L : B\ — » B2 is another linear map with 

\\L-D\\<(2\\Q\\y\ 

then L is also invertible with bounded right inverse P satisfying 

\\p\\<nQ\\- 

For its application in the proof of Proposition we are also going to need 
the following Lemma, saying that the norm of the operator 'multiplication by a 
function' on L p is controlled by a suitable Sobolev norm of that function. 

7 

Lemma 24 On a base manifold M — W x S 1 , fix f £ L v , (M) with k > -: 

p 

then there exists a constant c — c (M) such that 

\\Lf\\<c \\f\\ Ll , 

where 

L f : LP (M) -> LP (M) 
9 >-> f-9 

Proof As a direct consequence of Sobolev 's embedding |Lemma[3]/, one 
has 

WUWl, - (/ m l/r • \g\ p dVo\y < ||/|| c o . \\g\\ LP 

and so 

\\L f \\= sup \\f.g\\ LP < ||/|| c o. 

l|9ll iP =l 
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